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ABSTRACT. The ABC index is a topological index was defined as 

uv E G G G GABC G d u d v d u d v( ) ( ( ) ( ) 2)/ ( ) ( )   , where G ud ( )  denotes degree of vertex u. 

The second version of ABC index is defined as uv E u v u vABC G n n n n2( ) ( 2)/  
 
where nu 

is the number of vertices closer to vertex u than v. In this paper we study some properties 
of these new topological indices.  
 

 
1. INTRODUCTION  

Mathematical chemistry is a branch of theoretical chemistry. The goal of it is 
prediction of molecular structure by using mathematical methods [1-3]. An important 
branch of mathematical chemistry is chemical graph theory. Nowadays many of 
scientists work on this area [4,5].  

A graph is a collection of points and lines connecting a subset of them. The points 
and lines of a graph also called vertices and edges of the graph, respectively. If e is an 
edge of G, connecting the vertices u and v, then we write e = uv and say "u and v are 
adjacent". A connected graph is a graph such that there is a path between all pairs of 
vertices. A simple graph is an unweighted, undirected graph without loops or multiple 
edges. A molecular graph is a simple graph such that its vertices correspond to the 
atoms and the edges to the bonds. Note that hydrogen atoms are often omitted. 

A topological index for a graph G is a numeric quantity related to G which is 
invariant under its automorphisms. Obviously, the number of vertices and the number 
of edges are topological index. The Wiener [6] index is the first reported distance 
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based topological index and is defined as half sum of the distances between all the 
pairs of vertices in a molecular graph. Let P be the shortest path in G connecting 
vertices x and y. Then the distance Gd x y( , ) between x and y is defined as the length of 

P. 

A class of ABC indices [7] may be defined as u v
uv Egeneral  

u v

Q Q
ABC

Q Q
2



 
  , where Qu 

is some quantity that in a unique manner can be associated with the vertex u of the 
graph G. The first member of this class was considered by Vukicevic et al. [8] as  

G G
uv E

G G

u v
ABC G

u v
d ( ) d ( ) 2

( )
d ( )d ( )

 
  , 

where G ud ( )  is the degree of vertex u. The second member of this class considered 

. Here our notations are standard and mainly taken from [10 – 21]. 
 

2. MAIN RESULTS AND DISCUSSION 
 
The goal of this section is computing these new topological indices for chain 

graphs. Then we use this method to compute the truncated ABC index for an infinite 
class of nanostar dendrimers. To do this let 1 2{ , ,..., }kU u u u  be a subset of V(G). The 

truncated ABC index ( )UABC  is defined as  

 ku u u G G

uv E G G Gu v U

d u d v
ABC G

d u d v
1 2, ,...,

( )
,

( ) ( ) 2
( )

( ) ( )


 
   

i. e., 

 U G G

uv E G G Gu v U

d u d v
ABC G

d u d v( )
,

( ) ( ) 2
( )

( ) ( )


 
  . 

It should be noticed that in the case U = Ø, ( )( ) ( )UABC G ABC G . Let iG  (1 ≤ i ≤ n) be 

some graphs and i iv V G( ) . A chain graph denoted by  n nG G G G v v1 1( ,..., , , ..., )  is 

obtained from the union of the graphs , 1,2,...,iG i n , by adding the edges vivi+1 (1 ≤ i ≤ 

n-1), see Figure 1. Then   1( ) | ( )|n
i iV G V G  and    1| ( )| ( 1) | ( )|n

i iE G n E G .  
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Figure 1. The chain graph  1 2 1 2( , ,..., , , ,..., )n nG G G G G v v v . 

 
 It is worth noting that the above specified class of chain graphs embraces, as 

special cases, all trees (among which are the molecular graphs of alkanes) and all 
unicyclic graphs (among which are the molecular graphs of mono cyclo alkanes). Also 
the molecular graphs of many polymers and dendrimers are chain graphs.  
Lemma 1. Suppose that  1 2 1 2( , ,..., , , ,..., )n nG G G G G v v v  is a chain graph. Then: 

(i) 1 2 1 2( , ,..., , , ,..., )n nG G G G v v v  is connected if and only if iG  (1 i n  ) are 

connected.  

(ii).



  


   
     



i

i

i

G i i

G G i

G i

a               a V G  and a v
a a            a v   i n

a           a v ,  i n

d ( ) ( )
d ( ) d ( ) 1 , 1,

d ( ) 2 2 1
. 

Theorem 2. The truncated ABC index of the chain graph  1 2 1 2( , , , )G G G G v v  

1 2 1( , ,..., )kv v u u  is:  

   


 1 1
2,..., ,..., ,

1
( ) ( )k k iu u u u v

i
i

ABC G ABC G  + 
    

 
 



2

1

( ) ( ) 1

( ) ( ) 1
i i

G ii i i

G G i

i u N v U G G i

d u d v

d u d v
 

+ 
  



 
1 2

1 2

1 2

1 2

( ) ( )

( ) 1 ( ) 1

G G

G G

d v d v

d v d v
, 

In which ( ) { ( )| ( )}uN u v V G uv E G   .   

Proof. 
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( )
,

( ) ( ) 2
( )

( ) ( )
U G G

uv E G G G
u v U

d u d v
ABC G

d u d v
 = 

 


 
 
2

1 ( )
,

( ) ( ) 2

( ) ( )
i i

i i

G G

i uv E G G G
u v U

d u d v

d u d v
 

 

                   + 
 



 
 
2

1 ( )

( ) ( ) 2
( ) ( )

i i

G G i

i uv E G G G i
u U

d u d v
d u d v

 + 
 1 2

1 2

( ) ( ) 2
( ) ( )

G G

G G

d v d v
d v d v

 

 

                   =  

 1
2 ,..., ,

1
( )k iu u v

i
i

ABC G  + 
    

 
 



2

1

( ) ( ) 1

( ) ( ) 1
i i

G ii i i

G G i

i u N v U G G i

d u d v

d u d v
  

 

                  + 
  



 
1 2

1 2

1 2

1 2

( ) ( )

( ) 1 ( ) 1

G G

G G

d v d v

d v d v
. 

 
We use this theorem in the next section.   
 

Theorem 3. If 3n  and 1 1,..., ,...,n kv v u u , then for  1 2 1 2( , ,..., , , ,..., )n nG G G G G v v v  it 

holds: 

   


 1 1,..., ,..., ,

1
( ) ( )k k i

nu u u u v
i

i
ABC G ABC G + 

  



  


 



1

2

( ) ( )

( ) ( ) 2
i i

G ii i i

n G G i

i u N v U G G i

d u d v

d u d v
  

 

+ 
    

 
 

1,

( ) ( ) 1

( ) ( ) 1
i i

G ii i i

G G i

i n u N v U G G i

d u d v

d u d v
 + 

  




 

 

 


 
1

1

1 1

2 1

( ) ( ) 2

( ) 2 ( ) 2
i i

i i

n G i G i

i G i G i

d v d v

d v d v
  

 

+ 
  

 

 
1 2

1 2

1 2

1 2

( ) ( ) 1

( ) 1 ( ) 2

G G

G G

d v d v

d v d v
 + 

  








 

 
1

1

1

1

( ) ( ) 1

( ) 2 ( ) 1
n n

n n

G n G n

G n G n

d v d v

d v d v
. 
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Proof. By using the definition of the truncated ABC index, one can see that  
 

 



 
 1 2, ,...,

( )
,

( ) ( ) 2
( )

( ) ( )
ku u u G G

uv E G G G
u v U

d u d v
ABC G

d u d v
 = 

 


 
 

1 ( )
,

( ) ( ) 2
( ) ( )

i

n G G

i uv E G G G
u v U

d u d v
d u d v

  

 

                               +   
  





 

 

 


 
1

1

1 1

2 1

( ) ( ) 2

( ) 2 ( ) 2
i i

i i

n G i G i

i G i G i

d v d v

d v d v
  

 

                               + 
  

 

 
1 2

1 2

1 2

1 2

( ) ( ) 1

( ) 1 ( ) 2

G G

G G

d v d v

d v d v
 + 

  








 

 
1

1

1

1

( ) ( ) 1

( ) 2 ( ) 1
n n

n n

G n G n

G n G n

d v d v

d v d v
 

 

                               =  

 1 ,..., ,

1
( )k i

n u u v
i

i
ABC G  + 

  



  


 



1

2

( ) ( )

( ) ( ) 2
i i

G ii i i

n G G i

i u N v U G G i

d u d v

d u d v
  

 

                                + 
    

 
 

1,

( ) ( ) 1

( ) ( ) 1
i i

G ii i i

G G i

i n u N v U G G i

d u d v

d u d v
  

                                + 
  





 

 

 


 
1

1

1 1

2 1

( ) ( ) 2

( ) 2 ( ) 2
i i

i i

n G i G i

i G i G i

d v d v

d v d v
  

                                + 
  

 

 
1 2

1 2

1 2

1 2

( ) ( ) 1

( ) 1 ( ) 2

G G

G G

d v d v

d v d v
 + 

  
 

 
1 2

1 2

1 2

1 2

( ) ( ) 1

( ) 1 ( ) 2

G G

G G

d v d v

d v d v
. 

 
Example 2. Consider the graph 1G  shown in Figure 2. It is easy to see that  

 1( ) 9 2 2ABC G , 
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     31 2 ( )( ) ( ) ( )
1 1 1 1( ) ( ) ( ) ( ) 8 2 2vv v vABC G ABC G ABC G ABC G  

and so, for   1 , 3,i j i j ,    

  
( , )( , )

1 1( ) ( ) 7 2 2i jv vv vABC G ABC G . 

      1 1 1 1( , , , )n i n i i i iG G G H v u  

  
2 1 1 1 1( , , , ).n n nG G G H v u      

Then by using Theorem 3, we have the following relations:  

   1 1( ) ( )
1 1

2( ) ( ) ( ) 2 2
3

v u
n nABC G ABC G ABC H  

  

 
      1 1( ) ( ) ( , )

1 1
2( ) ( ) ( ) 2 2
3

i i i iv v v u
n i n i iABC G ABC G ABC H  

  

   
   2 1 2 1( ) ( ) ( , )

2 1 1
2( ) ( ) ( ) 2 2
3

n n n nv v v u
nABC G ABC G ABC H . 

Summation of these relations yields 

 



     1 1 1

1( ) ( ) ( , )
1 1

2

2( ) ( ) ( ) ( ) ( 1)(2 2 )
3

n i i
nv u v u

n i
i

ABC G ABC G ABC H ABC H n

and so by using Example 1, it is easy to obtain   

1 1 2( ) ( , )
1 1

2( ) 2 ( ) ( 2) ( ) ( 1)(2 2 )
3

v v v
nABC G ABC G n ABC G n       

                    = 
 

  
 

8 29 2
3 3

n . 

In other words we arrived at the following:  
 

Theorem 4. Consider the chain graph  1 1 1 1( , , , )n nG G G H v u ( 2n  , shown in Figure 

3. Then, 
8 2( ) 9 2 .
3 3nABC G n

 
   
 

 

Corollary 5. Consider the nanostar dendrimer D, shown in Figure 4. Then, 
 

8 2( ) 9 2 ,
3 3

ABC D n
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where n is the number of repetition of the fragment 1G .  

 

 
Figure 3. The chain graph Gn and the labeling of its vertices. 
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Figure 4: The graph of the nanostar dendrimer D. 
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