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ABSTRACT. The edge detour polynomials were recently introduced for computing the edge
detour indices. In this paper, we find relations among edge detour polynomials and then,
edge detour indices, by using graph theoretical techniques in molecular graphs. These

relations are computed for the nanotubes TUC,C,(S), TUC,C;(R) and armchair
polyhex nanotubes.
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1. INTRODUCTION

The structure of a chemical compound is usually modeled by using molecular
graphs. It has been found that many properties of a chemical compound are closely related
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with some topological indices of its molecular graph. A graph G = (V,E) is a combinatorial
object consisting of an arbitrary set V =V (G) of vertices and a set E = E(G) of unordered
pairs (x, y) = xy of distinct vertices of G called edges. In a molecular graph, vertices are
atoms while the edges represent covalent bonds.

Among the topological indices, the Wiener number is the oldest and probably the
most important one [1]. The Wiener index, a distance-based invariant, was introduced by
H. Wiener about 60 years ago to demonstrate correlations between the thermodynamic
properties of alkanes and their molecular graphs. Topological indices have found
applications in communication, facility location, cryptology, etc. [2].

The detour index was introduced in graph theory some time ago by F. Harary in
describing the connectivity in directed graphs [3]. The detour index, in contrast to the
Wiener index (that counts the length of the shortest path between pair vertices), considers
the length of the longest path between each pair of vertices. This index has recently

received some attention in the chemical literature [4,5]. The detour index certainly carries
some interesting structural information for cyclic compounds. For acyclic structures the
Wiener index and the detour index are the same, since there is only a single possible path
connecting any pair of vertices [1]. The detour index is defined as follows:
D(G)= >, Auv) (1)
fuviey G)
where A(u,v) denotes the detour between the vertices u and v (i.e. the number of edges on
the longest path joining them).
The detour polynomial of graph G was introduced recently [6]. The detour
polynomial of G is
DG;x)= Y, x0 (2)
{x,y}cV(G)
Also, the edge versions of detour index are the sum of distances between edges of a
connected graph G on the longest path as follow [7]:
the first edge-detour index is:
DoG)= D Aef)= > Alef) ©)
fleE(G) {

fe, e,flev (L(G))
where A,(u,v) is the detour index in the line graph (also called the edge intersection
graph) L(G), where vertices correspond to edges of G and vertices in L(G) are adjacent if

the corresponding edges share an angle.
The second edge-detour index is:
Des(G) = zAs (e ) 4
{e,f JeE(G)
Ae, f)+1 , e=f

. f and A, (e, f) =min{A(u, x), A(u, y), A(v, X), A(v, y)} Where
, €=

where A (e, f) = {

e=uv and f =xy.
The third edge-detour index is:
De4(G) = ZA4(8, f) ®)

{e,f JeE(G)
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A,(e,f) , e=f

. - and A, (e, f)=max{A(u, x), A(u, ), A(v, x), A(v, y)} Where

where A, (e, ) :{

e=uvand f =xy.
In addition, the edge detour polynomials are introduced recently as follows [8]:
D, (G;x)= > x4 wherei=034. (6)

{e,f}eE(G)

Finding the relations among edge detour polynomials and also edge detour indices
are not reported so far. Therefore, due to the applications of nanostructures in particular
nanotubes [9, 10 and 11] and edge detour polynomials, introduced recently by the authors,
we present here the complete mentioned relations. As examples, we calculate these
relations for some nanotubes, TUC,C,(S), TUC,C,(R) and armchair polyhex nanotubes.

2. RESULT AND DISCUSSION
In view of drawing our results, let first restate the edge detour polynomials
according to topological distances in G and L(G) [8].

Definition 1. Let e,f €eE(G), e =uv and f =xy . Fix a longest path between edges e and
f and name it P . We define the quantity A', (e,f ) as follows [8]:

A'P (e,f ):min{AP (U’X)iAP (U’Y)’AP (le)'AP (V:y)}
where A, is length of the path P . If the edge detour is defined as the longest path between
edges, we can imagine six cases (Figure 1).
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Figure 1. The quantity A',(e,f) is r for shapes (a,b,c and d) and is 1 for shapes (e and f).

Therefore, we partition the set of pair edges into the following subsets.

A ={{e.f} cE(G)| e, f,Figure 1(a)}; A, ={{e, f} < E(G)| e, f,Figure1(b)};

A ={{e, T} E(G)| e, f,Figure 1(c)}; A, ={{e. f} < E(G)| e, f ,Figure 1(d)};
5
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A ={{e,f} cE(G)| e, f ,Figure 1(e)}; A, ={{e, f} cE(G)| e, f, 1(f)}
Then, we find the edge detours as follows:
Lemma?2. Lete,f eE(G),e=uvand f =xy . Then[8],

Aef)+1 {e,fleA Ae.f)+1 fe.fleA
Ae,f)+1 e f}eA A'l,f)+2 fef}eA,
' A'e,f)+2 ,lefleA
A= A'ee,f)+2 '{e'f}EA3’A3(e,f)= u(e )+ {e.f 1eA; and
3A'e.f)+1 {ef}eA, A'ef)+2 fefleA,
Ae.f)+2 fefleA, A, f)+3 {e.f}eA;
4A'e,f)+1 e f leA, 3A'e. f)+1 {ef }eA,
A f)+2 {efleA
A'e,f)+2 ,{e,f}eA2
' A
Aef)= A f)+2 {efleA,.
3A'e.f) L{efleA,
A'te,f)+3 ,{e,f}eA5
3A'ef) L{ef}eA,
[
Theorem 3. The relations between edge-detour index polynomials are [8]:
Duo(GiX) DG = (1-x) 3 X"+ Y gy
{e.flehp, {e.flep, (7)
+(1—X) Z A(ef)+2+ Z (3A'(e, )+1) A(e,f)_ll
{e,f}eAS efEA6 ( )
and
DeO(G X) De4(G X) XA(ef)+1 1 X Z XA(ef)+1)
ef}eAl Ef}EAQ
+(X—1) Z X(SA(ef) XA(ef)+2 ©)
{e,f}eA4 ef}eA5
3A'(e, 1)) (A'e,f)+1)
= 30X —1)
{e,f}EA6
Result 4. The relations between edge detour indices are [8]:
D.,G)-D,;G)=2 > A'l.f)+ D Al f)-|A-|A]-|A 9)
{e.f jeA, {e.f }eAs
and
D,,(G)-D.,G)= > A'le.f)—|A|-|A]+|A]—|As|+|Aq] (10)
{e,f}eAS

In the following, we draw the relation between edge detour polynomials D,,(G;Xx) and
D.,(G;x); also, we find the relation between edge detour indices D,,(G)and D,,(G).

6
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Result 5. The relations between edge detour polynomials D,,(G; x) and D,,(G;Xx) are:
De4(G;X)_De3(G;X)=—(]_—X) z X(A'(e,f)+1)+ z XA'(e,f)(XZA'(e,f)_X2)+
{e,f}eA {e,fleA, (11)

X3A'(e,f)(1_ X)
e flens
Proof. By using the Eqs 9 and 10, and replacing then in D_,(G; x) - D,,(G;x), we have

D..(G;X) — D,3(G; X) = (D (G; X) = D3(G; X)) = (Do (G; X) — D,y (G: X))

_ _(1_ X) Z X(A'(e,f)+l) n

{e.fleA
[ fZ: X(A'(e,f)+2)(X(2A'(e,f)—1)_1)_(X_l) ]Z X(sA'(e,f))J+
{e.fleA, {e.fleA, (12)
(3A'(e, F)+1) [ . AYe,f) (3A%e,f)) [ . (A'e,F)+1)
BT )
=—(1—X) Z (A'(e,f)+1)+ Z XA(ef)(XZA(ef)_ 2)+
{e,f}eAl {e,f}EAA
{ 2 A6X3A'(e,f)(1_x).
[
Result 6. The relations between edge detour indices D,,(G)and D,,(G) are:
D.,(G)-D,;(G)=2 > A'le.f)+|A]|-2|A,|-|A (13)

{e.f jeA,
Proof. We can obtain the result in two ways. The first way is to calculate the first
derivative (in x=1) of Egs. 12. The second way is the direct computing by using Egs. 9 and
10, and replacing themin D,,(G)-D_,(G) ; thus we have:

De4(G)_De3(G) :(DeO(G)_DeS(G))_(DeO(G)_DeA(G))
=2 Y A'le.f)+|A]-2[A]-|Aq|

{e.f jeA,

(14)

[ |
Now, the relations among edge detour indices and their polynomials are computed
for TUC,C,(S), TUC,C,(R) (for symbols see [9]) and armchair polyhex nanotubes.

According to Figure 2, we denote the number of horizontal edges of squares in one row by
p and the number of rows by g. Accordingly, [E(T (p.q))|=6pq—2p . For convenience, we
denote TUC,C,(S)nanotube by T(p,q) with p being the number of squares in a row and ¢
the number of squares in a column as shown in Figure 2.

92U3I9S OUBN [ednewayleA Jo reuinor
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Figure 2. Two dimensional lattice of TUC,C,(S) nanotube, p=4, q=8.
We denote TUC,C,(R) nanotube by T'(p',q") with p' being the number of rhombes in a row
and q' the number of rhombs in a column, as shown in Figure 3. Accordingly,
[ET (p.a")|=6p'a—p"

900000
AL L A
LLELLEL
900000
EPL L)

Figure 3. The T(7,4) nanotube.

A single-wall carbon nanotube can be imagined as a graphene sheet rolled at a
certain "chiral" angle. An armchair polyhex nanotube, denoted by TUACs [p",q"] [9], is a
nanotube with p" and g" eing the number of hexagons in the length and width,
respectively. Also, it has j rows which 1<j<qg" as shown in Figure 4. Accordingly,

[ET "(p"q")|=6p"q"+p". Next, we denote TUACs[p",q"] nanotube by T"(p",q").

Figure 4. Armchair polyhex nanotube, TUACg[7,5], with 1< j <5 rows.
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Theorem 7. The relations among edge detour index polynomials and their indices for
T(p,g) nanotubes are:

(1) Relation among edge detour i polynomials

D.o(T (P.a);x) D, (T (p.9); 2 y e (15)

Do (p.0);x)—D,, (T (p.q);x)=(1- X) } x““e”*”, (16)
ef cEG

D.,(T (P.q);X)=De,(T (p.q);x x ¢ (17)

ef}EA

W

(1) Relation among edge detour indices:

D,o(T (p.q))-D,(T (p,q))=—[4p@+(q —1)[2"}} (18)

D, (T (P.q))-D,t(T (p,q))=—(6pq2_2pj,

D..(T (p.9))—D,;(T (p.q))=2p(9pa’-7pa—q°+2p). (20)

Proof. Due to the Figure 2, the subsets A,, A,, A, and A, are empty and then, we can get

results in part | by using the Egs. 7, 8 and 11.

For results in part 11, we can obtain the results in two ways. A way is to calculate the
first derivative (in x=1) of Egs. 15, 16 and 17. Let first derive Eqs. 15 to obtain Eqs. 18 (see
above):

(19)

[(1_)() z X(A'(e,f)ﬂ)} __ Z X(A'(e,f)+1)+(1_x) Z (A'(e,f)+1)x(A'(e’”)
{

{e.flen e, fleh, {e.flen
By replacing x =1 we have

[(1_)() z X(A'(e,f)+1)J __ Z 1
A x=1 {e’f}EAz

{e.f}e

Since the subsets A,, A,, A, and A, are empty, (|E(r(p’q))|]:|Al|+|Az|. Also, since
2

[E (p.a))|=6pa—2p, we have || 4p[ j+(q 1)[ ]a”d |A]=2p(9pa’® ~7pa-q*+2p).
Then

1-x) > IR I 4p(qj+(q—l)[2pj that is Egs. 18.
(e T]eA, o 2 2

Eqgs. 19 and 20 can be similarly obtained.
The second way is the direct computing. Due to the Egs. 8, 9 and 12, we have

92U3I9S OUBN [ednewayleA Jo reuisnor
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DeO(T (p’q))_DeS(T (p,q)):—|A2| eO(T (p q)) De4(T (p q (|A |+|A |) and
D.,(T (p.q))—D,,(T (p.q))=|A,|. Then, we can conclude the desire results. [

Theorem 8. The relations between edge detour i polynomials and their indices for T'(p',q')
nanotubes are:
(1) Relation among edge detour polynomials

Do '(p',a");x)=D,(T '(p.q") 2 x (en=) (21)

DeO(T '(p‘,q');x)—DM(T |(p|’ ) X) (1 X){ } X (A(ef)+1) ! (22)

D..(T'(P"a");X)—D,,(T'(p"4"); %) } x4 (23)
efeA1

(1) Relation among edge detour indices

DT '(p’,a")~ Dy (p' '))=—£p'£2(22 'quj}(q '—1)('2)} , (24)

Do (T '(P',0 "))~ D, (T '(p',q'))=—(6plq2'_plj, (25)
D, '(p'q"))—D.5(T '(p',q'))=%(36p'q'2—13p'q'—9q “+2p') (26)

Proof. Due to Figure 2, the subsets A,, A,, A; and A, are empty and then, we can get

results in part | by using the Eqgs. 7, 8 and 11.

For results in part Il, we can obtain the results in two ways. The first way is to
calculate the first derivative (in x=1) of Egs. 21, 22 and 23. We find Egs. 24 and then Eqgs.
25 and 26 will be obtained by the same procedure.

(1_ X) z X(A'(e,f)+1) __ Z X(A'(e,f)+1) +(1_ X) Z (A'(e, f)+]_) X(A'(e,f)),
{e.flen {e.flen, {e.flen
By replacing x =1 we have

(1—X) z X(A'(e,f)+1) __ Z 1

{e.flen w1 {e.flen,

Since the subsets A,, A,, A, and A, are empty, (|E(r(p’q))|]:|Al|+|Az|. Also, since
2

E@(pia)|=6pa-p', we have |A2|=p'[zizgl}[q;nﬂq'_l)[ZIJ "

A =%(36p 'q"2-13p'q'~99 %+ 2p"). Then

[(1—x) > X(A'(e‘f)“)J :—L p'[z(quj{qnﬂq '—1)( pn that it is Eqgs. 24.
(e, fleh, _ 2 2 2

The second way is the direct computing. Due to the Egs. 9, 10 and 13, we have
10
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Deo(T '(p'aq'))_Des(T l(p|’q|)):_|A2|1 Deo(T I(p|’q|))_De4(T (p q )— (|A |+|A |)
and D,,(T '(p'q")—D,s(T '(p'.q")) =|A,|. Then, we got the desired results. [

Theorem 2-9. The relations among edge detour polynomials and their indices for
T"(p",q") nanotubes are:
(1) Relation among edge detour i polynomials

D.o(T"(P"9");X) =Dy (T"(p" 0" eé% X, (27)
DT (00 DL (R0 =(1-) 3 X, 29
Do, (T"(P".0");%) = Dy (T"(p".0"); %) =—(1- ) EZ}EAXA(EM (29)
(1) Relation among edge detour indices

DT "(p ")~ DT "(p",q"))=—(2p"(23 "J+ p"d "ZJ (30)
S N R AL @)

D, "(p"a") Dl (") =2 (36p ™0 12070 " 109 " 2074 p™-1) ()

Proof. Due to the Figure 2, the subsets A,, A,, A, and A, are empty and then, we can get

results in part | by using the Eqgs. 7, 8 and 11.

For results in part Il, we can obtain the results in two ways. The first way is to
calculate the first derivative (in x=1) of Egs. 27, 28 and 29. We find Eqgs. 30 and then egs.
31 and 32 will be obtained by the same procedure.

[(H) > x“'“"’*”} —— >} 1-x) Y (Afe F)+D)xEED),
{e.flen {

e,flep, {e,fleA,
By replacing x =1 we have

= x()]Z 1

(e, f}en, {e.fleh,

92U3I9S OUBN [ed1ewayleA Jo reuinor

Since the subsets A,, A,, A, and A, are empty, EU(P'Q))]:AlJrAz. Also, since
2

e, w e el eY)

|A|= (36p q"*-12p"q"-109"*-2q"+ p"-1). Then

((1—X){e’fz}% X(Al(e’””)l_l (ZD (Zq'j p (q ;1j+ p"(qZHD=—(2p"(22"j+ p"q"zj that it is

Egs. 30.

11
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The second way is the direct computing. Due to the Egs. 9, 10 and 13, we have:
Do "(p"")=DuslT "(p"0") = o]
Do "(P".0") =Dt "(p".0") =—(|A,|+|A,]) and
D, "(p"a"))—D( "(p".a"))=|A,|. Then we got the desired results. [

3. CONCLUSIONS
The relations among edge detour index polynomials of nanotubes TUC,C,(S),

TUC,C,(R) and armchair polyhex nanotubes, and the relations among the edge detour

indices of the mentioned nanotubes have been derived, mainly by using the relations
between the distances and detours of edges in the molecular graph.
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