Journal of Discrete Mathematics and Its Applications 10 (1) (2025) 43-59

Journal of Discrete Mathematics and Its Applications

o o 9 9 Shahid Rajaee Teacher
Available Online at: http://jdma.sru.ac.ir Training University

Research Paper
Constructing pentadiagonal matrices by partial eigen informa-
tion

Mohammad Heydari!; Ferya Fathi?

1Department of Computer Science, Khansar Campus, University of Isfahan, Isfahan, I. R.
Iran

“ Department of Mathematics, Dezful Branch, Islamic Azad University, Dezful, I. R. Iran.

Academic Editor: Reza Sharafdini

Abstract. The inverse eigenvalue problem involves constructing a matrix based on its spectral
information, along with providing conditions on the input data to determine the solvability of the
problem. In this paper, we focus on a specific instance of the inverse eigenvalue problem, known as
IEPSP, to generate symmetric pentadiagonal matrices using two pairs of eigenvalues from the desired
matrix and an additional eigenvalue from each of its leading principal submatrices. Additionally,
we explore a non-negative formulation of the inverse eigenvalue problem to produce a matrix that
has non-negative elements. We present sufficient conditions for problem solvability, propose an algo-
rithm, and provide several numerical examples to validate the results.
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1 Introduction

Consider a set of real numbers denoted by ¢. The problem of finding necessary and
sufficient conditions for ¢ to be the spectrum of a matrix is known as the inverse eigenvalue
problem. Chu and Golub have done extensive work on this problem and classified various
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types of inverse eigenvalue problems, providing insights into their solutions [1].

This paper aims to focus on two types of inverse eigenvalue problems: structured inverse
eigenvalue problems and partial inverse eigenvalue problems. A structured inverse eigen-
value problem involves constructing a matrix in such a way that its zero entries follow a
specific pattern. Inverse eigenvalue problems have practical applications in various fields
such as control theory [2], mass-spring oscillations [3,4], and finite element methods [5, 6].

In this paper, we address the construction of a symmetric pentadiagonal matrix denoted
as P, as follows:

(a1bic; 0 0 0 0 0 - 0
bl a» bz Co 0 0 0 0 0
(o] bz as b3 C3 0 0 0 s 0
0 (8)) b3 ay b4 C4q 0 0 cee 0
O )
000 . . . . 000
000 O0cys5brgan3by3ci-3 0
0000 O cpabyszanobyocyo
000O0 O 0 Cn—3 bn_z ay—1 bn—l
0000 O O O cyobyq an

The matrix is constructed such that b;c; # 0. The structure of pentadiagonal matrices has
various applications in discrete beam vibrations [7, 8], Euler-Bernoulli beam vibrations [15],
and non-Hermitian quantum mechanics [9]. Recent progress has been made in the construc-
tion of pentadiagonal matrices. Moghaddam et al. [10] investigated a generalized eigenvalue
problem of the form K, X = AM,, X with three pairs of eigenvalues, where both K, and M, are
pentadiagonal matrices. Ghanbari and Mirzaei [8] proposed an algorithm to construct penta-
diagonal matrices with three prescribed eigenvalues such that the first off-diagonal element
of the matrix is negative, while all other elements are positive. Li et al. [15] studied the ap-
plication of pentadiagonal matrices in Euler-Bernoulli beam vibrations and investigated an
eigenvalue problem and an inverse eigenvalue problem. Perez et al. [13] focused on the con-
struction of symmetric and nonsymmetric pentadiagonal matrices using input data consist-
ing of minimum and maximum eigenvalues of each leading principal submatrix. Ghanbari
and Moghadam [14] studied an inverse eigenvalue problem for symmetric pentadiagonal
matrices using three sets of numbers, denoted as (A)! ;, ()", and (v)? ;. These sets of
numbers possess the interlacing property, such that:

0<AM <pp <Ay <pp <+ <Ay < Hp,
UL <01 < U <0 < -0 < Uy < Vg
The spectral data of the problem is defined as follows: (A)_; represents the eigenvalues
of a pentadiagonal matrix called A, (i), represents the eigenvalues of a matrix denoted

as A*, and (v)!_; represents the eigenvalues of a matrix referred to as A**. The matrix A*
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is similar to A except for the element at position (1,1), and the matrix A** is similar to A*
except for the element at position (2,2). Their algorithm involves computing the eigenvector
and implementing the Lanczos algorithm, resulting in a time complexity of O(n3).

In this paper, we investigate an inverse eigenvalue problem called IEPSP, which focuses
on constructing a matrix P, with two pairs of eigenvalues from the required matrix and
one eigenvalue from each of its leading principal submatrices. The definition of IEPSP is as
follows:

IEPSP: Given a set

{All/\ZI e //\n—l} U {Ai(’ll)l/\g’lZ)} (2)

of real numbers and two vectors

x =[xy, -, x]%, 3)

and

y=I[y1, " (4)

with real entries, construct a symmetric pentadiagonal matrix P, of size n x n such that P,x =
A,(ql)x, P,y = A,(qz)y, and A; fori=1,2,---,n — 1 is an eigenvalue of the ith leading principal
submatrix of P,. Inverse eigenvalue problems with non-negative spectra are an important
class of inverse eigenvalue problems aiming to construct matrices with non-negative entries
using spectral information. Chu and Golub [1] have introduced various types of problems in
this category. Recent studies in this area include Nazari et al. [16], who identified conditions
under which a set of positive numbers can be the eigenvalues of a symmetric matrix.

In this paper, we will also study non-negative IEPSP, which involves solving IEPSP in
such a way that the required matrix will have non-negative entries.

The structure of the paper is as follows: Section 2 provides preliminary definitions and
results. Section 3 presents the main results and the proposed algorithm. Section 4 includes
a numerical example for validating the proposed algorithm. Finally, Section 5 concludes the

paper.

2 Preliminary Investigation

In this section, we provide essential definitions and preliminary results. Throughout the
paper, we denote the jth leading principal submatrix of P, as P;, and its characteristic poly-
nomial as ¢;(A) = det(Al; — P;), where j =1,2,---,n. Additionally, we use ¢(A) to represent
the eigenvalues of matrix A. The following lemma presents the recursive relation of ¢;(A).
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Lemma 2.1. [11] The recursive relation of ¢;(A) is given by

2 2
C5_3C5 4Tj—2
() g

2

where p_1(A) =0, ¢o(A) =1, p1(A) = a1, pp(A) = (A —ay) (A —ap) — b%, and r; = —b;b; y1c;, for

i=12,---,n—2.

A symmetric tridiagonal matrix of order n is defined as follows:

(0181000 0 0 0 0
BiazPa 00 0 0 0 0
0 ,32063 ,33 0 0 0 0 0
00 ,B3 4 ,34 0 0 0 0
000 ‘34 X5 ,35 0 0 0
Ty = 7
000 . " " . . 0
000O0O ‘Bn,4 Xp—3 ‘Bn_3 0 0
000O0O0DO0 0 ﬁn—B Kpy—2 ‘Bn_z 0
00000 0 0 BuyyqPui
000O0O0 O 0 0 Bn-1 an

where a;, 8; € R and f; # 0. Let us denote the jth leading principal submatrix of T by T;.
As it is stated in Lemma 2.2, it is well known that T] and T]-+1, 1<j<n—1,donot have a

common eigenvalue.

Lemma 2.2. No two successive leading principal submatrices of a real symmetric tridiagonal matrix

share the same eigenvalue.

Considering Lemma 2.2 and the fact that any pentadiagonal matrix can be expressed as
the product of two tridiagonal matrices [12], Lemma 2.3 demonstrates that no two successive
leading principal submatrices of a specific class of pentadiagonal matrices share a common

eigenvalue.

Lemma 2.3. For any pentadiagonal matrix P, that can be expressed as the square of a real symmetric
tridiagonal matrix, no two successive leading principal submatrices of P, have a common eigenvalue.
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Proof. Let T, be a real symmetric tridiagonal matrix such that T2 = P,. By considering the
equality det(AL, — P,) = det(Al, — T,)?, if there exists a number x such that det(xI; — P;) =
det(xl;y1 — Pir1) = 0, then we can immediately conclude det(xI; — T;) = det(x[; 11 — Tj 1) =
0, which contradicts Lemma 2.2. O

In the following section, the main results and the solution to the IEPSP are presented.

3 Solution to IEPSP

In this section, we focus on the main results. Lemma 3.2 demonstrates that in a pentadiag-
onal matrix, each component x; of an eigenvector x is a linear combination of the components
x1 and x,. To establish this relationship, we utilize two auxiliary matrices named M; and N;
of size (i —2) x (i —2), where i > 3. The matrix M, is constructed as follows:

1 Delete the second row and the (i — 1)th column from the matrix AI; — P;.
2 Remove the last row and column from the resulting matrix in step 1.

For instance, the matrix Mg is given by

A—a;~by —¢ 0 0 0 0 0 |
—C1 —bz A— as —b3 —C3 0 0 0
0 —C7 —b3 A— as —b4 —C4 0 0
M 0 0 —C3 —b4 A— as —b5 —C5 0
10— 0 0 0 —C4 —b5 A — ae —b6 —C¢
0 0 0 0 —Cs5 —b6 A— ayz —b7
0 0 0 0 0 —C¢ —b7 A— as
0 0 0 0 0 0 —cy  —bg

The matrix N; is constructed as follows:
1 Delete the first row and the (i — 1)th column from the matrix AI; — P;.
2 Remove the last row and column from the resulting matrix in step 1.

For example, the matrix Njg is given by

_—bl A— an —bz —C7 0 0 0 0 |
—C1 —bz A— as —b3 —C3 0 0 0
0 —C2 —b3 A— ay —b4 —C4 0 0
N 0 0 —C3 —b4 A— as —b5 —Cs5 0
10— 0 0 0 —C4 —b5 A— ae —b6 —Cq
0 0 0 0 —Cs —b6 A— ayz —b7
0 0 0 0 0 —Cq —b7 A— as
0 0 0 0 0 0 —cy;  —bg
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The following lemma presents the recursive relation for determinant of the matrices M; and
N;.
Lemma 3.1. The recursive relation for the determinants of matrices M; and Nj is given by:
det(M;) = (A — a;_p)ci_zdet(M;_5) — ¢;_yci—3¢i_5det(M;_4)
—b;_3¢;_3¢;_4det(M;_3) — b;_pdet(M; 1),
and
det(N;) = (A — a;_p)ci_3det(Ni_2) — ¢ 4¢i_3ci_sdet(Nj_4)
— bj_3ci_3ci_sdet(N;_3) — b;_rdet(N;_q).

Proof. The proof follows by expanding the determinants along the last row of matrices M;
and N;. ]

Let (A, x) be an eigenpair of P,. From the equation P,x = Ax, we can derive:
CioXi=(A—a;2)xi p—ci4Xi 4 —bi_3x; 3—Dbj_x; 1 fori=34,--,n, (6)

where b]- =cj=xj= 0 for j <0. It is shown in the Lemma 3.2 that each component x;,i > 3,
of the eigenvector x can be expressed as a linear combination of x; and x,.

Lemma 3.2. If x = (x1,xp, -+, %) T and (A, x) is an eigenpair of P,, then |x1| + |xa| > 0. Further-
more, one can obtain each component x; as follows:

B det(M]')xl + det(Nj)xz

X; — , j=34, - ,n (7)
ngl Ci
Proof. The proof is done by induction on the xj’s. For the base case, i.e., x3, we have:
M3 = ()& — 111),
N3 = —bq,

and by equation (6), we have:

(A —a1)x; —bixo  det(Mz)x; + det(N3z)xy
(o8] C1 '

X3 =

Now, assuming the induction holds for Xj, j=3,4,---,i—1,weproveit for x;. Using equation
(6), we have:

A—a;_
CiaXj = F—41cz(det(Mi_2)x1 + det(N;_2)x2)
j=1%j
ci_
— ll_: (det(Mi,4)x1 + det(Ni,4)x2)
[T
b,
— 2 (det(M;_3)x1 + det(N;_3)x2)
szlcf
b,_
— 2 (det(M;_q)x1 + det(Nj_1)x2).
Hj:lcf
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We rewrite it as follows:

A—a;_ A _
Ci_oX; — 2 det(M;_2)x1 + — 2 det(N;_2)x
- ii_:c‘det(Mz—él)xl - 11—64c det(N;_4)x2
i=1¢ j=1¢]
bi3 bi3 ®)
- i_5c.det(M173)x1 - 1._5C.det(N1,3)x2
j=1¢ j=1¢]
bi o bi o
) det(M;—1)x1 — 3 det(N;_1)xo.
C;i C;i
j=1¢j j=1¢]
Equation (8) yields:
A—a;_o)ci_ A—a;_o)ci_
X; = ( ai Z)Cl 3 det(Mi_z)xl + ( 611 2)¢i-3 det(Ni_z)xz
i—2 . i—2 .
ITi—1¢ ITi-1¢
€2 ,Ci_aCi_ €2 ,Ci_aCi_
_ Mdet(le4)x1 _ Hl‘lfmdet(Niiél)xz
HZ—Z C: 1—[1 2 C:
j=1"] j=1"] (9)
bi aCiaCi bi aCiaCi
_ %det(%_a)m _ %det(z\@_?’m
[Tj-1¢ ITi-1¢
b;_ b;_
— 22 det(Ml-_l)xl - 22 det(Ni_l)xz
16 16

Based on the recursive relation of M; and N; in Lemma 3.1, it can be observed that (9) yields:

B det(Mi)xl + det(Ni)xz

. , 1=3,4,...,n.
H]':1C]

Xi

Now, if x; = xp = 0, then the eigenvector x will be zero, which contradicts the fact that x is
an eigenvector. Therefore, |x1| + |x2| > 0, and the proof is complete. O

In the following theorem, the solution to the IEPSP and the sufficient conditions for its
solvability are presented.

Theorem 3.3. Let {Aq,-- ,An,l,)\,(ql),)\gzz)} be a set of numbers, and let x = (x1,x2,-+ ,x,)T and
v = (y1,Y2, - ,yn)! be vectors. The IEPSP has the following solution:

bZ
ap=2>A, ap=-1, (10)
a
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! T2 )
a; = b 1(A7) { (Az b1'22> ¢i-1(Ai)

i—2
- (sz—z(/\i —a;_1) — rifz) $i—3(Ai) (11)
vt (s Qg gy
i—2

2 % Tiio
+ <l3blz—41> 4’1’5(%’)},
2

det ( [)\Sll)xi — Cj_2Xj_9 — bi_lxl'_l — a;X; xi+2] )
(2)
b = An Yi — Ci-aYi-2 — bi1Yi-1 — AiYi Yir2 =1, ,mn—=2, (12)
det( [Xi+1 xi+2] )
Yi+1 Vi+2

det ( [xz'+1 AMVxi = €ig%iog = bioaXi1 — ”ixi] )
2
Vit )»,(1 )yi — Ci—2Yi—2 — bi1yi—1 — aiy; i=1,-

¢, = "/n_zl (13)

det < [xH—l xi+2} >

Yit1 Yit2
subject to the conditions:

)\i#/\i—i—l/ i:1,2,---,n—1, (14)
XilYi+1 7& Xi+1VYi, i= 1/2/' N = 1/ (15)
x;#0, y;#0, i=12,---,n, (16)
Ai g o(Piq), (17)

A 0.

Proof. We consider the set {Aq,--- ,An_l,Aﬁf),/\,&Z)} and the vectors x = (x1,x2,--+,x,) and
yv=(y1, Y2, ,yn)T as the definitions (2), (3), and (4) of the IEPSP, respectively. Let the set
{A,-+ ,An_l,)\g),/\,(f)} satisfy condition (14), and let the vectors x = (x1,x2,---,%,)T and
v = (y1,y2,---,yn)" satisfy conditions (15) and (16). Now, we will prove the existence of
a pentadiagonal matrix P, with the described properties. We know that A; € ¢(P;), thus
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b2
$1(A1) = 0 and ¢»(A2) = 0, which in turn imply a; = A and ap = a_l' Again, by using
1
¢j(A;) =0 for j =3,4,---,n, we obtain the 4; as given in (11). By condition (17), ¢;_1(A;)
is nonzero. Now, by solving the following system of equations, we can compute the values
of the unknowns b;,c; fori =1,2,--- ,n — 2:

1
{ bixit1 + CiXitp = AS )xi — Ci_pXj_p — bi_1x;_1 — a;x;, (18)
2
biyiq1 + CiVigr = A )}/z’ — Ci_aVi—2 — bi_1yi1 — aiy;.
The system of equations (18) has a unique solution in terms of b; and c; if and only if condition

(15) holds, and the unique solution is given by equations (12) and (13). The element b,,_ is
also obtained using the following equation:

(1)
(A’ —ay—1)Xp_1 — by_2Xp_3 — Cy_3Xy_4a
X5 '

(19)

by =

In the following, we will prove that the obtained b; and c; are nonzero to satisfy the conditions
of the matrix P,. According to equation (7), we can express ¢; as follows:

det(M]-)xl + det(Nj)xz

3
X; [T_;ci

C]'72: s j:3,4,"‘,7’l.

Now, if condition (16) holds, the ¢;’s will be nonzero. To prove the nonzeroness of b;, we first
define the expression:

xj(A) = (b?_z@ —aj) — Vj—z) pj-1(7)
(872871 — (A —ai1)ri2) 912(1)
— b7, <C]2_2(/\ —ajq) - Vj—2) $j—3(7)
+c7 5 (bf,zcjzfz —(A—ajp)r j—2> $j-a(A)

+ <C]2'73C]2741’]'_2> (P]'_5 ()\),

and rewrite recursive equation of ¢;(A) as follows:

¢;(A) = : (20)

According to (20), the zeros of ¢;(A) and x;(A) are the same. It was assumed in (17) that
¢j(Ajy1) # 0, which implies x;(Aj;1) # 0. If b;_» = 0, then cpj(/\)b]z_z = Xj(A) for A = A4
would lead to a contradiction, as the left side is zero while the right side is nonzero. There-

fore, b]-s must be nonzero.
O
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Remark 3.4. Considering that equation (19) is obtained from the equation P,x = A,(ql)x, its value can
also be computed based on the equation P,y = Aﬁf)y. Therefore, the IEPSP problem has at most two
solutions.

In the following theorem, sufficient conditions for the non-negativity solvability of IEPSP
are provided.

Theorem 3.5. The IEPSP has a non-negative solution if the conditions of Theorem 3.3 are satisfied,
and additionally:

A >0, (21)
and ) )
((/\;(1 Vb AP —a) L(xiyi) = bi A L(xi1,yi 1) — ¢ aL(Xi_2,yi2) )
+ (ASZZ)yH-in - )\Tgll)yl‘xl.-l—Z))L(xi-l-llyi-‘rl) >0,i=1---,n-1,
and . )
((7\;(1 Ve AP —a)H(xi,yi) — b 1 H(xi 1,9i1) — ¢ 2H(%i 2, 2) )
+ (Ayixiin — A;(ql)yi+2xi))H(xi+2/yi+2) >0,i=1,---,n-2,
where
Ye Xk Xe o Yk
L(xg, = det ,H{(xy, = det ,
(tk i) <{yi+2 xi+2}> 20 <{xi+1 yi+1D
and

Ci—2 Ti—

‘det( bl >3>1_a1 1D”‘2

+ det ( -‘P ] ) (24)

b2
+det<l2 )14 )e? 4

Ti-2 Ci_

+Cz 3C1 4Ti— 24)1 (AZ)} >0

¢i—1(A )[det([ ! Ai_ai_1]>¢i—3(7\i)bi2—z

Proof. Given that a; = A4, it is obvious that condition (21) must hold. Let’s assume that
condition (22) is satisfied. This condition can be expressed as follows:

(A + AP = a)L(xi,y:) = biaL(xi-1,yi1) — ci-aL(xi_2,yi_2)

+ (A (2)yi+2xi — )\Etl)yixHZ))L(leryiJrl)

(ai(Xig2Yi — XiYiv2) + bi1 (Xip2Yio1 — Xi—1Yiv2) + ci—a(Xip2Yi2 — Xi—2Yit2)+
)

XiVYiy2 — Agzz)xi—s—zyi)L(xi—s-l/yHl)
A e o s — b Xt — X X oy

— det n X Ci—2Xi—2 i—1Xi—1 a;iXi Xiy» det ( |:x1+1 x1+2:|> )
7\;(12)]/1' —Ci—2Yi—2 — bi_1yi—1 — ay; iy Yi+1 Yit2
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Considering the equation (12), it is obvious that if the last expression holds, the values of b;
will be non-negative. Equation (23) implies the following result:

((Agll) +AP - a;))M(x;,y;) — bi—1M(xi—1,yi—1) — ci—aM(Xj_2,i—2)
- (Ai(’IZ)yi'xH-Z - /\;gl)yiJrzxi))M(tz,yiJrz)
= (a;(xiYix1 — Xir1Vi) + bim1(Xi1Vis1 — Xip1Vio1) + Ci2(Xi2Vit1 — Xit1Yi—2)

AV i+ A %1y M (x40, i)
Xii1 AWy — ¢ 2Xj_o — bj_1xj_1 — a;x Xii1 Xjio

= det 1+ Fz) 1 1—241— 1—141— 1 det({ 1+1 A+ :|)
Vi1 A Yi — CioYi2 — bi1yi 1 — aiy; Yit1 Yit2

Considering the equation (13), it is evident that if the last expression holds, the values of ¢;
will be non-negative. The expression of (24) can also be written as follows:

(Ajbj2 —r1j2)pj-1(A))

— (07475 — (A = aj-1)rj2)¢j—2(A;)

— b7 o(ci o (A —aj1) = 1j2)¢j-3(A))

+ 6 5(cfobi 5 — (A = aj-2)7j-2)¢j-a(A))

+ C]273C]274r]'_247]'_5 ()L]) .

Based on equation (11), this expression is equal to

¢7 1 (A))b7 ,a;. (25)

Since the terms ¢;_1(A;) and b;_, appear squared in equation (25), it is evident that if the
expression (24) is non-negative, then g; for j > 3 are also non-negative. Furthermore, since
a, = b?/ay, if the above conditions hold, a; is also non-negative, completing the proof. O

Now, using Theorem 3.3, we obtain the following algorithm. The algorithm takes inputs

A=A, ,)Ln,l,)\ﬁll),)\,(qz), X=x1,",Xp, and y = vy, -+ ,Yn, and generates the elements of
Pn.

53



Heydari et al. / Journal of Discrete Mathematics and Its Applications 10 (2025) 43-59

Algorithm 1 IEPSP Algorithm

input A ={Aq,--- ,An,l,A,(ql),A,gz)}, x={xy, -, xp},andy={y1, - ,yn}
Lap=A,c1=c=b1=bp=x_1=x=y-1=Yo=0
22 Forj=1to j=n-2

det ( [A%)xj — j-2%j-2 — bj_1Xj1 — 4% tz] >
. MDY = ¢y = by — ay; Y2
det ( [xfﬂ XHZD
Yi+1 Yj+2
det ( [xjﬂ A%)xj ~ Gj-2%j—2 = bj1xj1 — ”f'xf] )
Yit1 Mi Y~ Cayja — by —ajy;

3: i =

4. Cj =
det ( ["J‘H xj+2D
5 Yi+1 Yj+2
1 riq
T i) { ( " b]2_1> #i(Aj41)
(Ajg1 —aj)riq
- (b]2 — 12 ) i1 (M)
i—1
—_ (C]Z_l(/\]‘—l—l - (1]) - 7’]‘_1) (P]'—Z(A]’—ﬁ-l)
(Ajy1 —aj-1)rj1
j—1
€3 oCF 5T
+ 12 ¢j-a(Ajt1)
-1
6: Repeat
7. b _ (/\1(11) —y—1)Xp—1 — bp_2Xp_3 — Cy_3Xy_4
8 n—1 T
_ 1 OB (AD)
(Pn—l()\n ) n—2
A e D
_ (brzzl_( n bzn 1) n 2>¢n—2(/\1(11))
n—2
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Considering the computation of the determinant of a symmetric matrix in the algorithm,
its time complexity is given by

n—2 n
; 0(i%) < ;O(n3) = O(n*)

4 Experimental Results

Example 4.1. The Algorithm 1 is utilized to construct a pentadiagonal matrix with the following
elements:

aj=1+eV 10,
i
b; = sin(i) — —
i = sin(i) 0
sin(i)

The inputs to the algorithm consist of the eigenvalues:

A =2371942, Ay =3.215605, A3=1.932602, A4=1.626050,
A5 =4.041036, Aq=1.875368, A;=1.834516,

A = 0880711, ALY =1.639473,
and the eigenvectors:

x = {—0.04820,0.17503, —0.06880, —0.46205, —0.63351, —0.53618, —0.24449, —0.01383 },
y = {0.83156, —0.38116, —0.38798,0.02416, —0.05747, —0.07996, —0.04881, —0.00322 },

where x and y correspond to /\él) and /\éZ), respectively. After executing the algorithm, the resulting

matrix Pg is as follows:

237194 0.74147 0.84147 0 0 0 0 0
0.74147 2.5639 0.70929 0.45464 0 0 0 0
0.84147 0.70929 2.7293 —0.1588 0.04704 0 0 0

0 0.45464 —0.15888 2.88223 —1.1568 —0.189201 0 0

0 0 0.04704 —1.1568 3.02811 —1.45892 —0.19178 0

0 0 0 —0.18920 —1.45892 3.16972 —0.87941 —0.04656
0 0 0 0 —0.19178 —0.87941 3.30864 —0.04301
0 0 0 0 0 —0.04656 —0.04301 3.44593

To validate the obtained matrix, we calculate its spectral information.
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o = {2.371942},

o> = {1.720285,3.215605},

o3 = {4.092001,1.640597,1.932602},

o4 = {4.112669,3.045519,1.626050,1.763188},

o5 = {4.222864,4.041036,1.498982, 1.666840,2.145818},

06 = {4.839105,4.108931,3.256661,1.021721,1.643471,1.875368},

o7 = {4.941708,4.119229,3.812395,0.881202, 2.825357,1.639492,1.834516 },

o5 = {0.880711,1.639473,1.834331,4.941927,2.822326,4.119230,3.812971,3.448865 ..

The following equality can be obtained easily:

Pgx = (0.880711)x
Pgy = (1.639473)y.

Example 4.2. In this example, we construct matrix Pg with the following eigenvalues:
M =17, Ay =16, A3 =18, Ay, =2, A5 = 13, Ag = 14, A, = —10, A{!) =17, A% =13,
and eigenvectors:

x={-4,41,8-511,8,8},
y={-3,-5,14,8,17,—3,18,—16},

After executing the algorithm, the resulting matrix Pg is as follows:

[ 17 —29.7377 —17.0492 0 0 0 0 0 |
—29.7377 —10.7979 —15.4187 0.9574 0 0 0 0
—17.0492 —15.4187 9.4485 —-2.1312 —3.6159 0 0 0
0 09574 —2.1312 23435 9.6819 14.9057 0 0
0 0 —3.6159 9.6819 9.5975 —10.1054 0.03846 0
0 0 0 149057 —10.1054 —3.5097 3.3730  3.6061
0 0 0 0 0.03846 3.3730 —10.2317 —26.7272
0 0 0 0 0 3.6061 —26.7272 —9.2532
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To validate the obtained matrix, we calculate its spectral information.

o = {-17},

0, = {—43.7979,16},

03 = {—51.3471,15.9992,18},

o4 = {—51.3497,16.0268,18.3163,2},

05 = {—51.4943,—4.3782,21.3144,16.0298,13 },

06 = {—52.1232,—21.95079,21.3149,16.1038,12.9895,14 },

o7 = {—53.7421,—22.4184,—10,21.3146,16.1128,12.9911,14.2273},

og = {—52.3756, —37.4838,—21.1869,21.3150,13,14.2250,16.1123,17}.

5 Conclusion

In this paper, the inverse eigenvalue problem of pentadiagonal matrices is addressed by
utilizing two pairs of eigenvalues from the required matrix and one eigenvalue from each
of its leading principal submatrices. The sufficient conditions for the solvability of the prob-
lem are established, and a numerical algorithm for constructing the matrix is obtained. The
problem is also studied for the case where the elements of the constructed matrix are non-
negative.

The obtained solution is based on a linear combination relationship among the elements
of the eigenvectors of the pentadiagonal matrix, derived in Lemma 3.2. Finally, several nu-
merical examples are presented to validate the results.
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