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Abstract. Let G be a simple graph with vertex set V(G) = {v1,v2,...,v,}. The elliptic Sombor
matrix of G, denoted by Agso(G), is defined as the n x n matrix whose (i, j)-entry is (d; 4 d;) , /d? + d]2
if v; and v; are adjacent and 0 for another cases. Let the eigenvalues of the elliptic Sombor matrix
Apso(G) be p1 > pp > ... > p, which are the roots of the elliptic Sombor characteristic polynomial
[T (p — pi)- The elliptic Sombor energy Erso of G is the sum of absolute values of the eigenvalues
of Arso(G). In this paper, we compute the elliptic Sombor characteristic polynomial and the elliptic
Sombor energy for some graph classes. We compute the elliptic Sombor energy of cubic graphs of
order 10 and as a consequence, we see that two k-regular graphs of the same order may have different
elliptic Sombor energy.
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1 Introduction

Let G = (V,E) be a simple graph, with vertex set V(G) = {v1,vy,...,v,}. If two vertices
v; and v; of G are adjacent, then we use the notation v; ~ v;. For v; € V(G), the degree of the
vertex v;, denoted by d;, is the number of the vertices adjacent to v;.

Let A(G) be adjacency matrix of G and Ay, Ay, ..., A, its eigenvalues. These are said to be
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the eigenvalues of the graph G and to form its spectrum [9]]. The energy E(G) of the graph G
is defined as the sum of the absolute values of its eigenvalues

E(G) = ém.

Details and more information on graph energy can be found in [21}22,24 29]. There are many
kinds of graph energies, such as Randi¢ energy [1,3,5}(12,23], distance energy [33], incidence
energy [4], matching energy [7,27] and Laplacian energy [11].

Sombor index is defined as SO(G) = ¥_,,0cp(G) V4% + 43 (see [19]). More details on Som-
bor index can be found in [2,/6,8,10,(13}17,28|,30-32,34]. Recently, in [20], Gutman introduced
Sombor matrix of a graph G as Asp(G) = (ri]-)nxn, where

[12 0 32560 o
T’ij:{ dl.-l—djlfv, v;

0 otherwise.

The eigenvalues of Aso(G) are denoted by p1 > py > ... > pn, and are said to form the
Sombor spectrum of the graph G. The Sombor characteristic polynomial ¢so(G,A) is

n

$s0(G,A) = det(Al — Aso(G)) = [(A —pi),
i=1

and Sombor energy Eso(G) is

n
Eso(G) =Y |pil-
i

We refer the reader to [16,18,25,26] for more details on Sombor energy.
In a recent paper (see [14]), the elliptic Sombor index of G is defined as

ESO(G) = Y. (du+dy)y/d%+ d3.

uveE(G)

Motivated by the definition of the Sombor matrix, we define the elliptic Sombor matrix as

Agso(G) = (7ij)nxn, and
Ti]': { (dl—i_d])\/dlszjzlfUle]

0 otherwise.

The eigenvalues of Arso(G) are denoted by Ay > Ay > ... > A, and are said to form
the elliptic Sombor spectrum of the graph G. The elliptic Sombor characteristic polynomial

Peso(G,A) is

PEso(G,A) = det(Al — Apso(G)) = (A — As),
i—1

and elliptic Sombor energy Erso(G) is
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n
Eeso(G) = )_|Ail.
i

Two graphs G and H are said to be elliptic Sombor energy equivalent, or simply Egso-
equivalent, written G ~ H, if Erso(G) = Epso(H). It is evident that the relation ~ of be-
ing Eesp-equivalence is an equivalence relation on the family G of graphs, and thus G is
partitioned into equivalence classes, called the E¢sp-equivalent. Given G € G, let

[G]={HeG:H~G}.

We call [G] the equivalence class determined by G. A graph G is said to be elliptic Sombor
energy unique, or simply E¢sp-unique, if |G| = {G}.

A graph G is called k-regular if all vertices have the same degree k. One of the famous
graphs is the Petersen graph which is a symmetric non-planar 3-regular graph of order 10.

There are exactly twenty one 3-regular graphs of order 10 [15]. In the study of elliptic
Sombor energy, it is natural to investigate the elliptic Sombor characteristic polynomial and
elliptic Sombor energy of cubic graphs of order 10 and check whether they recognized by
their elliptic Sombor energy among other 3-regular graphs with the same order. We denote
the Petersen graph by P.

In the next section we compute the elliptic Sombor energy of specific graphs. In Section 3,
we study the elliptic Sombor energy of cubic graphs of order 10. As a consequence we show
that the Petersen graph cannot be determined by its elliptic Sombor energy.

2 Elliptic Sombor energy of specific graphs

In this section, we study the elliptic Sombor characteristic polynomial and the elliptic
Sombor energy for certain graphs. Here we compute the elliptic Sombor characteristic poly-
nomial of paths and cycles.

Theorem 2.1. For every n > 5, the elliptic Sombor characteristic polynomial of the path graph P,
satisfy:

Peso(Pu,A) = A2Ay_o — 90AA,_3 +2025A,,_4,
where for every k >3, A = ANj_1 — 128 Ay_p with Ay = A and Ay = A> — 8. Also the characteristic
polynomial of Py, P3 and Py are A> — 8,A3 — 90A and A* — 21812 4 2025 respectively.

Proof. It is easy to see that the characteristic polynomial of P, is A> — 8, Also for P3 is A3 — 901
and for Py is A* — 21812 4 2025. Now for every k > 3 consider

A =48 0 ... 0 0
—48 A —48... 0 0
0 —4v8 A 0 0
M : ) . ) ) ) ,
0 0 0 ... A —48
0 0 0 ...—4y8 A
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and let Ay = det(My). One can easily check that Ay = AA;_1 — 128A;_, . Now consider the path
graph P,. Suppose that ¢prso(Py,A) = det(Al — Apso(Py)). We have

A |=3v500 ... 0 O 0
35 0
0 0
prso(Pad) —det| 0
eso\Ln, ) = ae .
: My
0 0
0 —3v5
0 0 00 0-3v5 A /)
So,
0
Mn—Z :
_3\/5
0... 0 =3v5 A
—3v/5|—4v8 ... 0 0
0 0
+3v/5det | : M,_s :
0 —3v5
0 0 —3v5] A
And so,
0
M, 3
¢Eso(Pu,A) = A | AAy—o +3v/5det 0
0
0 0 —48|-315
0
Mn,3 N
—45d€t O
_3\@
0 0 —-3v5 A
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Hence,
Peso(Pu,A) = A (ANy—2 — 45A,-3)

0

Mn,4 .

— 45 | AA,_3 + 3V/5det 0

0

0... 0 —48|-3V5
= A(AAp_y — 45A,_3) — 45 (AA,_3 — 45A,_4),
and therefore we have the result. O

Theorem 2.2. For every n > 3, the elliptic Sombor characteristic polynomial of the cycle graph C,
satisfy:

¢rs0(Ca A) = AA,_1 — 1024A, 5 + ((—1)"T1)(2)(8V8)",

where for every k > 3, Ay = AAj_1 — 8Ay_p with Ay = A and Ay = A> — 512.

Proof. Similar to the proof of Theorem for every k > 3, we consider

A —8V/8 0 0 0 0 0

-8/8 A —-8/8 0 ... 0 0 0
0 -8/8 A —8/8... 0 0 0
0 0 —8V/8 A 0 0 0

Mk = . . . . . ’

0 0 0 0 ... A —-8/8 0
0 0 0 0 ...—-8/8 A —88
0 0 0 0 ... 0 -8/8 A

kxk

and let Ay = det(My). Wehave Ay = AAx_1 —512A_,. Suppose that ¢prso(Cy, A) =det (Al — Apso(Ch)).
We have

A |—-8v800 ... 00-8V8
—8/8
0
0

(PESO(Cnr)\) = det

—8\/§

nxn
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So,
—-8v8|-8v8 0 ...0
0
PEso(Pu,A) = AA,_1 + 8V/8det : M, >
0
—8\/§
—8\/§
0 Mnfz
+ (=1)"1(—8v/8)det
0
—8V8l0... 0 —8V8
Hence,
PEs0(CusA) = AAy_1 +8V/8 (—8\/§An,2 + (—1)”(—8\/§)”’1>
+ (=1)"1(=8v/8) ((~8v8)" + (~1)"(~8VB)Au2),
and therefore we have the result. O

Now we consider to star graph S, and find its elliptic Sombor characteristic polynomial
and elliptic Sombor energy. We need the following Lemma.

Lemma 2.3. [9] If M is a nonsingular square matrix, then

MNY »
det(P Q> = det(M)det(Q — PM™"N).

Theorem 2.4. Forn > 2,

(i) The elliptic Sombor characteristic polynomial of the star graph S,, = Ky ,_1 is
Prso(Sn,A)) = A1 2 (A2 —(n—1)(n* —2n® + 2n2)> .

(ii) The elliptic Sombor energy of S, is

Eeso(Su) = 2ny/ (n —1)(n2 — 21 +2).

Proof. (i) One can easily check that the elliptic Sombor matrix of Ky ,,_1 is

AESO(Sm)ZHM( O1x1 Jixn—1 )

Jn—1x1 0n—1xn—1
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We have det(Al — Agso(Sn)) =

et A —nVh? =20+ 21 (n-1)
—nv/n? =21+ 2], _1)x1 ALy '

Using Lemma 2.3] det (Al — Apso(Sn)) =

1
Adet(Aly—1 —nv/n? —2n+ 2], 4 (nvVn? =21+ 2] (y-1)))-

xlX
Since Jin-1)x1J1x(n-1) = Jn—1, 50
2
det(Al — Apso(Sn)) = Adet(AL_1 — %(112 — 21 +2) ] 1)
= A2 det (AT, — n*(n® —2n +2)J,_1).

On the other hand, the eigenvalues of J,_; are n — 1 (once) and 0 (n — 2 times), the
eigenvalues of n?(n? — 2n +2)J,_1 are (n — 1)(n?)(n® — 2n +2) (once) and 0 (n — 2
times). Therefore

Prso (S A)) = A2 </\2 —(n—1)(n* —2n® + 2n2)) .

(ii) It follows from Part (i).
N

We close this section by computing the elliptic Sombor characteristic polynomial of com-
plete bipartite graphs and their Sombor energy.

Theorem 2.5. For natural number m,n # 1,

(i) The elliptic Sombor characteristic polynomial of complete bipartite graph K, ,, is
Prs0(Kmm, A) = A" H72(A% — mn(m® 4 n?)).

(ii) The elliptic Sombor energy of Ky, » is 2(m + n)/mn(m? 4+ n?).

Proof. (i) Itis easy to see that the elliptic Sombor matrix of Ky, , is

(m+n) /m2+n2(0m><m ]mxn).

]1’1)(77’! OTZXTZ

Using Lemma[2.3|we have

M VT R
I~ Apso(Knn)) = |
det(A £50 (Kinn)) = det (—(m—Fn)\/m]nxm ALy

32



Alikhani et al. / Journal of Discrete Mathematics and Its Applications 10 (2025)

So det(Al — Apso(Kmn)) =
1
det(ALy)det(AL, — (m +n)V/m? + nzfnmeIm(m + 1)V m? 4+ n2Jyun)-
We know that [« Jmxn = mJ,. Therefore

det(Al — Ago(Knmn)) = A"det (AL, — %m(mz +02) (m + 1))
= A" det(A2L, — m(m? + n®)(m + n)?],).

The eigenvalues of J, are n (once) and 0 (n — 1 times). So the eigenvalues of m(m? +
n?)(m + n)?J, are mn(m? + n?)(m + n)? (once) and 0 (n — 1 times). Hence

P50 (K, A) = A"T2(A2 — mn(m? 4+ n?) (m + n)?).

(ii) It follows from Part (i).

3 Elliptic Sombor energy of k-regular graphs

In this section we consider 2-regular and 3-regular graphs. As a beginning of this section,
we have the following easy lemma:

Lemma3.1. Let G=GL UGy, UG3U...UGy. Then
(1) ¢eso(G) =121 PEso(Gi).
(ii) Epso(G) = Liq Epso(Gi).
As an immediate result of Lemma we have the following results:

Proposition 3.2. (i) Ife = v,v,1 € E(P,), then Egso(Pn, — e) = Egso(Py) + Egso(Ds), where
r+s=n.

(ii) Ife € E(Cy), (n > 3), then Egso(Cy — €) = Egso(Py).
(iii) Let Sy, be the star on n vertices and e € E(Sy,). Then for any n > 3,
Epso(Sn —e€) = Egso(Sn—1)-

Now consider the 2-regulars. Every 2-regular graph is a disjoint union of cycles. By The-
orem 2.2, we can find all the eigenvalues of elliptic Sombor matrix of cycle graphs. Therefore
by Lemma (3.1, we can find elliptic Sombor characteristic polynomial and elliptic Sombor en-
ergy of 2-regular graphs. Before we continue, we need the following easy result that is the
direct conclusion of the definition of elliptic Sombor energy:
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@
Q

Figure 1. Cubic graphs of order 10.

Proposition 3.3. If G is a k-regular graph of order n, then
Eeso(G) = (2k)"Eso(G).
In [16], we showed that the Sombor energy of K,, is Eso(K,,) = 2(n — 1)%v/2. So by Propo-
sition [3.3] we have the following result:
Theorem 3.4. For n > 2, The elliptic Sombor energy of K, is

Epso(Kn) = 2" (n —1)"2V2.

Now, we consider to the elliptic characteristic polynomial of 3-regular graphs of order 10.
Also we compute the elliptic Sombor energy of this class of graphs. There are exactly 21 cubic
graphs of order 10 given in Figure 1| (see [15]). We have the Sombor energy of these graphs
in table 1 as we computed them in [16]:

Gi | Eso(Gi) [ Gi [ Eso(Gi) [[[ Gi | Eso(Gi) |
Gi | 64161 || Gg | 64161 || Gis | 62767
Gy 63.043 Gy 64.981 Gig 59.396
Gs 62.880 Gio 61.399 Gy 67.882
Gy | 57336 || Gu | 62375 || Gig | 57.517
Gs | 60638 ||| Gip | 67882 || Gio | 66,09
Ge 63.403 Gis 61.000 Gyo 59.396
Gy 63.969 Gig 65.835 Gy 50.911
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Table 1. Sombor energy of cubic graphs of order 10.

Now, by Using Table 1 and Proposition we have the elliptic Sombor energy of cubic
graphs of order 10 up to three decimal places, as we see in Table 2:

Gi | Eeso(Gi) [[| Gi | Eeso(Gi) [ Gi | Eeso(Gi)
Gy | 13858776 ||| Gg | 13858.776 ||| G | 13557.672
Gy | 13617.288 Gg | 14035.896 Gie | 12829.536
Gz | 13582.080 Gio | 13262.184 Gy | 14662.512
Gy | 12384.576 Gy1 | 13473.000 Gig | 12423.672
Gs | 13097.808 Gy | 14662.512 G9 | 12980.736
Ge | 13695.048 Gi3 | 13176.000 Goo | 12829.536
G, | 13758336 ||| Gya | 14220360 ||| Gy | 10996.776

Table 2. Elliptic Sombor energy of cubic graphs of order 10.

Proposition 3.5. Six cubic graphs of order 10 are not E¢ sp-unique.

PVOOf. By Table 2, we see that [Gl] = {Gl,Gg}, [Glz] = {Glz, G17} and [G16] = {G16, Gz()}.
Therefore, we have fifteen cubic graphs of order 10 which are £sp-unique. O

As an immediate result of Proposition 3.5, we have:

Corollary 3.6. In general, two k-regular graphs of the same order may have different elliptic Sombor
energy.

vy

<>

V.V

A

Figure 2. Petersen graph
Theorem 3.7. Let G be the family of 3-reqular graphs of order 10. For the Petersen graph P (Figure
or Gyy in Figure[l), we have the following properties:
(i) The Petersen graph P is not Eg¢sp-unique in G.
(ii) The Petersen graph P has the maximum elliptic Sombor energy in G.
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Proof. (i) The Sombor matrix of P is

0 18V2 0 0 18v218V2 0 0 0 0

18v2 0 18V2 0 0 0 18V2 0 0 0

0 18V2 0 18V2 0 0 0 18v2 0 0

0 0 18V2 0 18V2 0 0 0 18V2 0

Apso(P) = 18v2 0 0 18V2 0 0 0 0 0 18V2
ESO 182 0 0 0 0 0 0 18/218V/2 0
18v2 0 0 0 0 0 0 182182

0 18v2 0 0 18V2 0 0 0 182
0 0 18V2 0 18V218V2 0 0 0
0 0 0 18V2 0 18v218vV2 0 0

o O O O

So
$so(P,A) = det(Al — Aso(P)) = (A —9v2) (A + 6v2)*(A — 3v/2)°.
Therefore we have:
M =1994V2 , Ay =A3=As=A5=—1296V2 , A¢ = Ay = Ag = Ag = Ayg = 648V/2,

and so we have Eso(P) = 10368v/2. By Table 2, we have P € {G1»,Gy7}. Therefore P is not
Eeso-unique in G.

(ii) It follows from Part (i) and Table 2.
[

In [16], we have shown that if two connected k-regular graphs have the same Sombor
energy, then their adjacency matrices may have or have not the same permanent. Now by
Proposition 3.3] we have the following result:

Proposition 3.8. If two connected k-regular graphs have the same elliptic Sombor energy, then their
adjacency matrices may have or have not the same permanent.

Also in [16]], we have shown that if two graphs have the same permanent, then we can
not conclude that they have same Sombor energy. Consequently, if we have two graphs with
the same permanent, then we can not conclude that they have same elliptic Sombor energy.

We think that the elliptic Sombor energy of no graph is integer. We end this section with
the following conjecture:

Conjecture 3.9. There is no graph with integer-valued elliptic Sombor energy.

4 Conclusions

In this paper we introduced the elliptic Sombor matrix and the elliptic Sombor energy of a
graph G. We computed the elliptic Sombor characteristic polynomial and the elliptic Sombor
energy for some graph classes. Also, we studied the elliptic Sombor energy of cubic graphs
of order 10.
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