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Abstract. The hierarchical product of graphs is a variant of the Cartesian product. It is associa-
tive, not commutative, and finite connected graphs have unique first prime factors with respect to it.
We present examples of infinite graphs with different first prime factors, and show that homogeneous
trees of finite degree have unique prime factorizations with respect to the hierarchical product. On
the way, we pose two problems.
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1 Introduction

The hierarchical product of graphs was introduced in 2009 by Barriére, Comellas, Dalf6,
and Fiol [3]. It is a special case of a product of graphs, whose spectral properties were studied
in 1978 by Godsil and McKay [5]. We are interested in its prime factorization properties, and
continue the investigations of [6], where it was shown that each finite connected graph X
has a first prime factor G with respect to the hierarchical product of graphs, and that the
embedding of G into the product is invariant under automorphisms of X.

For other properties of the hierarchical product, and generalizations such as the rooted
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hierarchical product, the generalized hierarchical product, and the rooted generalized hier-
archical product we refer to [1,2, 4, 6].

Here we present examples of infinite graphs with different first prime factors, and show
that homogeneous trees of finite degree have unique prime factorizations with respect to the
hierarchical product.

We also pose two problems on hierarchical product of trees, respectively of finite con-
nected graphs.

2 Hierarchical products

Given a graph G, we write V(G) for its vertex set, and E(G) for its edge set. E(G) is a
set of unordered pairs ab of distinct vertices of G. If ab € E(G), then we call a,b adjacent, in
symbols a ~ b or a ~¢ b. For a graph G with a distinguished vertex u, called the root of G, we
use the notation G|u|.

Barriére, Comellas, Dalf6, and Fiol [3] define the hierarchical product as a multiary op-
eration, but we only need it as a binary operation. For two factors the hierarchical product
G M H|[v] of an unrooted graph G by a rooted graph H|[v], is defined as an unrooted graph
with vertex set V(G) x V(H), whose edges are

g¢' € E(G)andh=Hh =0, or

(g:1)(g', 1) € E(GM H[v]) if { hh' € E(H) and g = ¢'.

Figure 1 depicts K, M K3[1], where V(K;) = {0,1}.

0,1) 1,1)

K [1] Ky MK [1]

0,0) (1,0)

o—O
0 1
K>

Figure 1. K, M Ky[1].

Hierarchical multiplication is not commutative, because H[v] I G is not defined. Simi-
larly, it is not associative, because G,[v] M Gs[v3] is not defined as a hierarchical product.
Hence, G M (Gz[v2] M Gslvs)) is also not defined, and thus cannot be equal to (G M Gy [v3]) I
Gslos].

The unrooted graphs G, H are the factors of G M H[v]. For different vertices v,v' € V(H),
the graphs G M H[v] and G N H[¢'] need not be isomorphic. If there is no automorphism of H
that maps v into v/, then we say that the products G M H[v] and G N H[¢] are different.

A graph on at least two vertices is prime with respect to the hierarchical product if it cannot
be represented as the hierarchical product of two graphs different from Kj.
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A vertex v of a graph G is a cutpoint if G — v, that is the graph obtained from G by removal
of v and all edges incident with v, is disconnected. It is easy to see that graphs without
cutpoints, and graphs with exactly one vertex of degree one, must be prime. Hence all cycles
must be prime, and all one-sided infinite paths, which we call rays.

Clearly, each finite graph can be represented as a product of prime graphs. For discon-
nected graphs this presentation need not be unique, as the example

Ko M (Ky + K2)[0] = (K7 + Ky + Ky) MKo[1]

of Anderson, Guo, Tenney, and Wash [1] shows. In particular, note that the first factors are
different.
Hence, we restrict attention to prime factorizations of connected graphs.

2.1 First prime factors of hierarchical products

Given a product X = G N H|[v], the subgraph of X induced by the vertices {(g,v)|g €
V(G)} is isomorphic to G. We denote it by G x v. Similarly, for each ¢ € V(G), the set
{(g,h)|h € V(H)} induces a subgraph isomorphic to H, which we denote by ¢ x H. We also
set

V(G)xH= |J gxH.
geV(G)
Clearly, forall ¢ € V(G), we have (G xv) N (g x H) ={(g,v) }.

With this notation,

GMNH[v] = (G xv)U (V(G) x H),

and X — E(G x v) = V(G) x H consists of |G| copies of H. In other words, the graphs ¢ x H
are uniquely determined by G x v, and thus also H[v]. Moreover, each vertex of G x v is a
cutpoint of G M H|[v].

In Imrich, Kalinowski and Pilsniak [6] the following results are shown:

Theorem 1 ( [6, Theorem 1]). To any finite connected graph X # Ky, there exists a unique graph G
that is prime with respect to the hierarchical product, and a unique rooted graph H|v|, possibly trivial,
such that

X=GMNH][v|.
Furthermore, G X v is invariant under all automorphisms of X.

Corollary 2 (Standard prime factorization with respect to the hierarchical product, [6, Corol-
lary 2]). Each finite connected graph G has a unique standard prime factorization as a hierarchical
product

G =GN (G2 (Ga (- M Gelog] ) [ox-1]) - - [o3]) [v2],

of uniquely determined prime factors G, ..., Gy and uniquely determined roots vy, ...,vx, where each
root v;, for 2 < i < k, is a vertex of the product of the last k — i 4 1 factors.
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Py[1] (K2 M Ka[1]) M Pu[1]

N W

—_

Py =Ky M Kz[l]
Figure 2. Non-standard prime factorization.

For an example of a prime factorization that is different from the standard prime factor-
ization, let V(K;) = {0,1}, and 1 be a leaf of P4[1]. Both K; and P4[1] are indecomposable
by the hierarchical product, and (K M K3[1]) M Py4[1] is a prime factorization of the tree with
standard prime factorization K; M (K 1 (K M K3[1])[0,0])[0,0], see Figures 2 and 3.

(K2 M (Ka M K>[1]) [0,0]) [0,0]

o0—oO
K>

Figure 3. Standard prime factorization.

Given a standard representation, one cannot always regroup parentheses by choosing
appropriate roots, as the following example shows:

Ko M Py[1] = K 1 (K2 M K2[1])[0,0]
# (K2 MKo[1]) MK [1]
=P I_le[l],

because K, M P4[1] has two vertices of degree 1, but P4 M K;[1] has four.
This leads to the following problems.

Problem 3. Given a tree T with the representation
T=TM (TN [T (- N Tafoa])[ona]) - [03])[02],

and an arbitrary binary bracketing of Ty, Ty,... Ty, is there a criterion to decide whether there exist
n — 1 roots, such that the hierarchical product of the factors with the given bracketing and these roots
is isomorphic to T?

For example, let n =4 and (T1, T2 ) (T3, T4) be a given binary bracketing of Ty, ..., Ty. When
are there roots vy € V(Ty),v4 € V(Ty), and v = (u3,uy) € V(T3) x V(Ty), such that

T = (Th N Tafva]) (T3 M Ty[vg]) [0]?
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Note that the number of binary bracketings of n letters are the Catalan numbers C,,_1,

where C,, = %H(i)

We formulated the problem for trees, where it seems more tractable. But, of course the
analogous problem holds if one replaces the T; by connected graphs G;.

Problem 4. Given a prime factoritzation of a connected graph G in standard form, and a prime
factorization of G in non-standard form. Are the prime factors isomorphic as unrooted graphs?

3 First prime factors in infinite graphs

Easy examples of infinite graphs without unique first prime factor are free products. Con-
sider the free product C;, * C,;, where m, n are integers > 2. It consists of cycles Cy,;, C,, where
each vertex is contained in exactly one C,,, and exactly one C,,. Clearly its number of vertices
is countably infinite, and both C,; and C,, are prime with respect to the hierarchical product.

To present X = C;, * C;, as a hierarchical product

Cm 1 Cy,[v],

let C;, be a component of the graph obtained from X by removal of the edges of a single C,,
and v be the vertex of degree 2 in C},,.

Note that C;, is prime, because it has only one vertex of degree 2, say w, and because this
vertex is not a cutpoint. If Cj, were a non-trivial product G M H[h], then w must be contained
in some ¢ x H, where ¢ € V(G). If w= (g,u) # (g,h), then (¢',u) € V(C,},) for all ¢’ V(G).
All these vertices have degree 2 in C},, and because G is non-trivial, this implies that w is not
the only vertex of degree 2. Hence w = (g,h1) € G x h, and thus a cutpoint of C},, but this is
not possible, because w is in an m-cycle.

Kz*Cg

Figure 4. Free product of K; by Cs.

Figure 4 shows Y = Kj * Cg, that is, the graph obtained from C, * C3 by replacing multiple
edges by single edges. By the same arguments as before, both K, and C3 are first prime
factors of Y.

One can easily obtain a tree of maximal degree 3 with nonunique first prime factors from
it. One just chooses a root v in Y and removes all triangle edges whose endpoints have the
same distance from v. Clearly one obtains a tree, say Z, depicted in Figure 5.

It is not hard see that both the path P5; and Kj are first factors of Z with respect to the
hierarchical product:
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Figure 5. The tree Z.

For K; as a first factor, construct a second factor B'[u] as follows: Let u be the vertex of
degree 2 in the binary tree B, and subdivide each edge of B by a single point. See Figure 6.

For P; as a first factor, construct a second factor B [v] from B’ by adding a single edge to
u and let its other endpoint be the root v of B”. See Figure 7.

Figure 6. K, M B'[1].

Figure 7. P31 B"[1].

Figure 8. Two different first prime factors for the tree in Figure 5.

Finally, let us point out that for any given finite tree T,

TN TNO [Z)] = TNO’

where Ty, is the homogeneous tree of degree Ry, and v an arbitrary vertex of Ty,. See Figure
9. It means that any finite tree is a first factor of Ty, and thus any finite tree that is prime
with respect to the hierarchical product is a first factor of Ty,.
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S3

Figure 9. S53M Ty, = Ty,
4 Factorization of homogeneous trees of finite degree

We begin with the observation that the two-sided infinite path, which can also be consid-
ered as a homogeneous tree of degree 2, denoted T, can be factored as

Th =Ky M R[O],

where R is a ray, and 0 its only vertex of degree 1. It is easily seen that this is the only
factorization, because if T, = G N H[h], then each vertex of G has to be of degree 1, otherwise
the product would contain vertices of degree > 3. Hence G = K3, and H is a ray.

Therefore, we have a unique first prime factor K,. Contrary to the finite case, K x 0 is not
invariant under automorphisms of T,.

Recalling that R is prime, this means that T, has unique prime factorization with respect
to the hierarchical product. The question arises whether this is true for all homogeneous trees
of finite degree. We show that this is indeed the case.

ForneN,ke€ {1,...,n — 1} we define T,’j_k as an infinite tree with a unique vertex u such
that

deg(u)=n—k and Yo € V(T)\ {u}:deg(v) =n.

If we consider a rooted tree T/*~*[0], then the root 0 will always be the unique vertex of degree
n —k. We also set T)) = T),.

We now prove that each tree T, has a unique presentation as a hierarchical product in the
standard form. We begin with the following observation

Lemma 5. For n > 2 Kj is a possible first prime factor of T,,.

Proof. Let n > 2 and consider T/ ~1[0] where 0 denotes the unique vertex of degree n — 1 in
T~ 1. Then K, 1M T#~1[0] is a regular tree of degree n, and thus T. O

The Figure 10 illustrates the case for Tj.
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K>

Figure 10. T,

Now we might ask, what other graph could be the possible first prime factor of T,. Be-
cause T is a tree, its factors also have to be trees. Moreover, T}, is regular, so the first factor
also must be regular. Therefore, the only possibilities for a first factor of T, (different from
Kj) are Ty for k € {2,...,n — 1}, which are not prime by Remark 5.

Corollary 6. For each n € N, G = Kj is the only possible first prime factor of T,,. Furthermore,
T, = K, N T" 0]
In order to find the standard form of T,, we have to factor T/~ 1.
Lemma 7. Forn > 2,k € {0,...,n — 2} the following equation holds
Tk =Tl n Ty o)

n

Proof. Let G=T} +1- This graph has a unique vertex of degree 1, all other vertices have degree
k + 1. The unique vertex of degree n — k in the product must be in G x {0}, and the root of
the second factor has to be of degree n — k — 1. Because all other vertices in the product must
have degree 1, we conclude that the second factor is T/ ~¥~1. O

This helps us to find a factorization of T"~* in the general case. Clearly, T} 1 s prime,
because it has a unique vertex of degree one. It is thus a first prime factor of T/~*. Consider-
ing another candidate for the first prime factor, it is clear that it needs to be a tree with one
unique vertex u of a certain degree, and that all other vertices must be of the same degree,
which different from deg(u). Hence, it will be of the form T}, ;, where I > 1. But then, it is not
prime by Lemma 7.

+I

Theorem 8. For each n € IN, the reqular infinite tree T,, has a unique presentation as a hierarchical
product in the standard form. 1t is given by the formula

Ty =T (T 1 (- N Ty [oa]) [on]) ) [v2],

where each root v;, 2 < i < n, is the unique vertex of degree n — i + 1 in the product of the last
n — i+ 1 factors.

Proof. By Corollary 6 we know that T, = Ko M T/ 1[0p] = T} M T/ [vy].
Now an application of Lemma 7 shows that

Ty =Ty 1(T; N T2 [03]) o],
and the proof is completed by induction. O

170



Imrich et al. / Journal of Discrete Mathematics and Its Applications 9 (2024) 163-171

References

[1] S. E. Anderson, Y. Guo, A. Tenney, K. A. Wash, Prime factorization and domination in the hierar-
chical product of graphs, Discuss. Math. Graph Theory 37 (2017) 873-890, d0i:10.7151/dmgt.1952.

[2] L. Barriere, F. Comellas, C. Dalf6, and M. A. Fiol, On the hierarchical product of
graphs and the generalized binomial tree, Linear Multilinear Algebra 57 (2009) 695-712,
d0i:10.1080/03081080802305381.

[3] L. Barriére, F. Comellas, C. Dalf6, M. A. Fiol, The hierarchical product of graphs, Discrete Appl.
Math. 157 (2009) 3648, d0i:10.1016/j.dam.2008.04.018.

[4] L. Barriére, C. Dalf6, M. A. Fiol, M. Mitjana, The generalized hierarchical product of graphs, Dis-
crete Math. 309 (2009) 3871-3881, d0i:10.1016/j.disc.2008.10.028.

[5] C.D. Godsil, B. D. McKay, A new graph product and its spectrum, Bull. Aust. Math. Soc. 18 (1978)

21-28, d0i:10.1017 /50004972700007760.
[6] W. Imrich, R. Kalinowski, M. Pil$niak, Hierarchical product graphs and their prime factorization,

Art Discrete Appl. Math. accepted for publication 2024.

Citation: W. Imrich, G. Makar, J. Palmen, P. Zajac, On the hierarchical product of graphs, J. Disc. Math. Appl. 9(3) (2024) %@FE]
163-171. N

1 Sl
g https://doi.org/10.22061/jdma.2024.11171.1085 é]bﬁll‘-' I vy

COPYRIGHTS
@ @ ©2024 The author(s). This is an open-access article distributed under the terms of the Creative Commons Attri-
bution (CC BY 4.0), which permits unrestricted use, distribution, and reproduction in any medium, as long as

BY NC N . T . .
the original authors and source are cited. No permission is required from the authors or the publishers.

171



	Introduction
	Hierarchical products
	First prime factors of hierarchical products

	First prime factors in infinite graphs
	Factorization of homogeneous trees of finite degree

