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Abstract. The distance matrix, its spectrum, and the corresponding distance energy of a connected
graph have been extensively studied. By contrast, research on the distance Seidel matrix is still developing.
For a connected graph G, the distance Seidel matrix DS(G) = ] — I — 2D(G) yields the distance Seidel
eigenvalues af > 83 >0 > Bﬁ. Ivanciuc-Ivanciuc-Balaban introduced the complementary distance
matrix CD(G) and studied its properties. Motivated by these works, we define the complementary
distance Seidel matrix

CD%(G):=DS(CD(G)) =] — I —2CD(G) = (-1 —2k)(J — I) + 2D(G),

where k = diam(G). We obtain explicit CD®-spectra for several classes of graphs with diameter 2,
and, in particular, we investigate the CD®-spectra of complements of line graphs of regular graphs.
We derive closed forms for the CD%-energy of L(G) and L2(G), and we construct infinite families of
non-CD%-cospectral yet CD®-equienergetic graphs arising from complements of iterated line graphs.

Keywords. complementary distance Seidel matrix; complementary distance Seidel spectrum; CD*-
equienergetic graphs.
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1 Preliminaries and notation

Throughout, graphs are finite, simple, undirected, and connected. For terms and notation
not defined here we refer to [3,4]. For a graph G = (V,E) of order n = |V| and size m = |E|,
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the degree of a vertex v € V is deg(v); the maximum and minimum degrees are denoted by
A(G) and 6(G). The eccentricity of v is e(v), the diameter and radius are diam(G) and rad(G),
respectively. A graph is r-regular if every vertex has degree r.

The distance matrix of G is D(G) = [d;j]! i1, where d;; is the graph distance between v; and
v; (d;; = 0). Let I and ] denote the n x n identity and all-ones matrices, respectively.

The complementary distance between v; and v; is ¢;; = 1+ k — d;j, where k = diam(G), and
the corresponding complementary distance matrix is [9]

CD(G) = [cij] = (1 +k)(J = I) — D(G). (1)

The distance Seidel matrix is DS(G) = ] — I — 2D(G) [5]. Motivated by CD and DS, we define
the complementary distance Seidel matrix as the Seidel transform applied to the complementary
distance matrix:

Definition 1.1 (Complementary distance Seidel matrix). Let G be a graph with diameter k and
distance matrix D(G). The complementary distance Seidel matrix is

CDS(G) := DS(CD(G)) =] — I —2CD(G) = (=1 —2k)(] — I) + 2D(G). )

Its eigenvalues are denoted by 17, > 112 > - - - > 11, and form the CDS-spectrum of G. Tuwo non-isomorphic
graphs having the same CD3-spectrum are called CD®-cospectral.

Definition 1.2 (Energy). The complementary distance Seidel energy of G is
n
CD®E(G) = } Il ()
i=1

Two graphs G1, G, are CDS-equienergetic if CDSE(G;) = CD%E(G,).

Remark 1.3 (Normalization and a one-parameter family). One may consider CD3(G) = (—1 —
ak)(] —I) +2D(G) with « > 0. For the complete graph K, (where k =1 and D = | — I) we get
CDS(Ky) = (1 —a)(J = I). Thus a =2 yields CD5(K,) = —(J — I) = DS(Ky), recovering the
usual distance Seidel in the compact case. This makes a = 2 the natural normalization used throughout.

We record standard spectral facts for regular graphs (see [3]).
Lemma 1.4 (Principal eigenvalue). If G is r-reqular, then r is the largest (simple) adjacency eigenvalue.

Lemma 1.5 (Complements). Let G bean r-reqular connected graph with spec(A(G)) ={r, A, ..., An}.
Then

spec(A(G)) = {n —r—1,-1-X;(i=2,...,n) }

Lemma 1.6 (Line graphs). Let G be an r-reqular connected graph with spec(A(G)) = {r, Ay, ..., An}.
Then
spec(A(L(G))) = {2r ~ 2 At —2(i=2,...,n); —2 (mult. ") }
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Lemma 1.7 (Second iterated line graphs). Let G be an r-reqular connected graph with spec(A(G)) =
{r,A2,...,An}. Then

spec(A(LX(G))) = {4r—6,- Ai43r—6(i=2,...,n); 2r —6 (mult. ""=2); —2 (mult. @)}.

Lemma 1.8 (Orders and degrees of iterated line graphs). Let G be an r-regular graph on n vertices.
If ny. and ry. denote the order and degree of L¥(G), then [1,2]

k—

[any

g = (2ir -2 4+2), =2k 2140

SIE
g

i

Lemma 1.9 (Diameters of complements of iterated line graphs). Let G be an r-regular graph on n
vertices. If r < 51, then for all k > 1, [7]

diam (L*¥(G)) = 2.

Graphs of diameter 2

If diam(G) = 2 and A (resp. A) is the adjacency matrix of G (resp. its complement), then
D(G)=A+2A=2(]-1) - A. (4)
Hence, by Definition[I.1} for graphs of diameter 2,
CD*(G)=(—1-2-2)(J—1)+2D(G) =1—] —2A. (5)
Moreover (see [6]):

Theorem 1.10 (Distance spectrum for diameter 2). [6] Let G be an r-regular graph with
diam(G) = 2 and adjacency spectrum {r,Ay,..., Ay }. Then

spec(D(G)) ={2n—r—2, —=(A;+2) (i=2,...,n) }.

2 CD’-spectrum for diameter 2 graphs
The identity (5)) yields the following transparent diagonalization.

Theorem 2.1. Let G be an r-regular graph on n vertices with diam(G) = 2 and adjacency eigenvalues
{r,A2,...,An}. Then the CDS—eigenvalues of G are

1. —n—2r+1;
2.1=-2Afori=2,3,...,n.
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Proof. For diam(G) = 2, we have
CD%(G) =1—] —2A.
Since J1 =nland A1 =71,
CD%(G)1=(I—]—2A)1=(1—n—2r)1,

yielding the eigenvalue —n — 2r 4+ 1 where 1 is the all one column vector.
If x L 1and Ax = Ax, then Jx = 0, and hence

CD%(G)x = (I — ] —2A)x = (1 —2A)x.

Thus, the remaining CD®-eigenvalues are 1 — 2A;, where A; are the nonprincipal adjacency
eigenvalues. O

Corollary 2.2. Let G be r-regular on n vertices with diam(G) = 2. Then the CDS-spectrum of L(G)
is
—nr —8r+10

1.
2 4

2. =2A;—=2r+5fori=2,3,...,n;
(r—2)
B

3. 5 with multiplicity "

Proof. Apply Lemma 1.6/ to obtain spec(A(L(G))) and then Theorem O

Corollary 2.3. Let G be r-reqular on n vertices with r < ”T_l Then the CD>-spectrum of L(G) is

—3nr
2

2.20ij+r)=1fori=2,3,...,n;

(r-2)
2

3. —1 with multiplicity !

1.

+4r —1;

Proof. By Lemmaand Lemmam (G) isregular of order nr/2 and degree (nr/2) —2r + 1.
By Lemma (1.9 diam(L(G)) = 2. Apply Theorem 2.1{to L(G) using the adjacency spectrum
from Lemma O

Corollary 2.4. Let G be r-regular on n vertices with v < ”T’l and diam(G) = 2. Then the CD*-
spectrum of L*(G) is

2 nr

LM g 413

1.
2 2

2. =2A;—6r+13fori=2,3,...,n;
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3. —4r + 13 with multiplicity @;
4. 5 with multiplicity M
O

Proof. Combine Lemma(l.7lwith Theorem
Corollary 2.5. Let G be r-regular on n vertices with r < ”T_l Then the CDS-spectrum of L2(G) is

—3nr2  3nr
1. — -9
> + > + 8 —9;
2. 2Aj4+6r—9fori=2,3,...,n;

n(r—2)

4

3. 4r — 9 with multiplicity

4. 1 with multiplicity M

Proof. Apply Lemmal|l.5/to the spectrum in Lemma|l.7} then Theorem 2.1to L?(G)

3 CD%-energy
Theorem 3.1. Let G be an r-reqular graph on n vertices with r < ”T’l Then, forr > 3,

CD®E(L(G)) = n(r — 2).

Proof. By Lemma|l.6/and Lemma the adjacency eigenvalues of L(G) are

(%2040 =N —r+1(i=2...,n); 1 (mult. "2},

Sincediam(L(G)) =2 (Lemma, Corollarygives the CD%-eigenvalues. Using —r < A; <r
for an r-regular graph (see [4]), we have A; + r > 0. Therefore, summing absolute values in

Corollary
n

CDE(L(G)) = |3 +4r—1|+ ), (@A +2r = 1) + 2052 | 1]
i=2

=n(r—2).

Theorem 3.2. Let G be an r-reqular graph on n vertices with r < ”T’l Then, forr > 3,
CD°E(L%(G)) = 4nr* — 5nr — 167 + 18.
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Proof. Using Corollary 2.5 and the same regular-graph bound, we obtain

n

CDE(L2(G)) = |24 — 3 —8r+9| + Z(ZAi+6r—9)

+ n(r2—2) | 9|+nr(r2 2) |1|
= 4nr® — 5nr — 167 + 18.

]

Corollary 3.3. Let G be an ro-reqular graph of order ng. If ny and ry are the order and degree of L*(G)
(as in Lemma , and if ro < ”02_ 1, then for all k > 3,

CD°E(L*(G)) = dny_ori_, — 5ng_oty_p — 16145 + 18.

Proof. Apply Theorem to Lk_Z(G) =: H and use Lemma to express nx_p and 7¢_p in
terms of ng, ry. o

Corollary 3.4. Under the hypotheses of Corollary the energy can be written explicitly as

CD°E(LK(G)) = [2kn0(r0 —2)% + 11ny(rg — 24"0} H — 2t 4 2)
i=0
+ K202 —rg) —14, k>3

Proof. Use Lemma [1.§|to substitute 1;_, and ry_, into Corollary [3.3/and simplify. O

4 CDS-equienergetic graphs

If G1 and G, are regular graphs of the same order and degree, then L(G;) and L(G,) (and
hence their complements) also have the same order and degree.

Lemma 4.1. Let Gy and G, be r-regular graphs on n vertices with r < "5=. Then, for k > 1, the graphs

L¥(Gy) and L¥(G,) are CDS-cospectral if and only if Gy and G, are ad]acency-cospectml.

Proof. Use Lemmas to express the adjacency spectrum of L*(G) in terms of that of
G, then invoke Theorem O

Theorem 4.2. Let Gy and G, be two non-CDS-cospectral regular graphs of the same order n and
degree r with r < "5, Then for any k > 3 and r > 3, the graphs LK(Gy) and L¥(G,) form a pair of
non-CD5-cospectral, CD>-equienergetic graphs of equal order and equal size.

Examples
Using [6, Thm. 1], the distance spectra are
specp(Kyn) ={3n—2; n —2; =2 (mult. 2n —2) },
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specp(CP(n)) = {2n; —2 (mult. n); 0 (mult. n — 1)},

where K,, , is complete bipartite and CP(n) is the cocktail party graph (obtained from K3, by
deleting a perfect matching). Consequently,

speccps (Knn) ={2n+1; 1 —4n; 1 (mult. 2n —2) },

speccps(CP(n)) = {5 — 6n; 1 (mult. n); 5 (mult. n —1) }.

5 Conclusion

We introduced the complementary distance Seidel matrix as CD® = DS(CD) and developed
its spectral and energy theory on complements of line graphs of regular graphs. For this class
we provided closed forms for the CD-energy and produced infinite families of non-cospectral
yet CDS-equienergetic graphs. Extending these techniques to further graph operations and to
irregular graphs is a natural direction for future work.
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